Abstract. The nature and usefulness of KC functions in topology have been well established in literature. In this paper, we introduce a new class of functions to be called inversely KC functions and emphasize its utility in characterization of functions with closed graph for the first time. We hereby study the relation between KC functions and Inversely KC functions and investigate various specific conditions under which these functions can be converted into functions having closed graph.
Introduction
A number of conditions on the functions or their inverses preserving closedness, openness or compactness of sets have been studied by Fuller [1] . Various important relationships between the class of functions having closed graph and the class of functions which map compact sets into closed sets have also been studied. Some interesting results which were proved by Fuller are the following:
(i) For any function f : X → Y a closed function with closed point inverses and domain as a regular space has a closed graph.
(ii) A function into a Hausdorff space is continuous if and only if it is sub-continuous and has a closed graph. The functions which map compact sets into closed sets have been named as KC functions by
Wilansky [6] . In literature, the nature and usefulness of KC functions in topology have been well established but the functions under which inverse image of a compact set is closed are not described so far which are to be called as inversely KC functions by us. It is well known that a function with closed graph is KC as well as Inversely KC. In this paper we study the relation between KC functions and Inversely KC functions and investigate the various specific conditions under which inversely KC functions or KC functions can be converted into functions having closed graph. It is also shown that a square Frechet, KC space is T 2 and that the product of a Frechet space with a first countable space need not be Frechet. Some counter examples are also given.
Preliminaries
We have used some of the standard notation and definitions. By a space we shall mean a topological space. Let X be a space. For H ⊂ Y ⊂ X, cl Y (H) denotes the closure of H in Y . A subset K of X is called limit point compact (see [4] ) if every infinite subset of K has a limit point in K. For any space X, X * will denote the one point compactification of X and Q will denote the set of all rationals with the usual topology. If A is a subset of X, we say that X is T 1 at A (see [2] ) if each point of A is closed in X. According to Wilansky X is said to be Frechet space (or closure sequential) if for each subset A of X, x ∈ cl(A) implies there exists a sequence {x n } in A converging to x while X will be called square Frechet if X × X is Frechet (see [6] ). X is said to be a k-space if O is open (closed) in X whenever O ∩ K is open (closed) in K for every compact subset K of X and X is said to be KC if every compact set is closed (see [5] ). Let X and Y are two spaces. A function f : X → Y is said to be compact (compact preserving) if inverse image (image) of each compact set is compact. If graph of f that is, the set {(x, f (x)) : x ∈ X} is a closed subset of the product space X × Y then f is said to have closed graph (CG in short). The Theorems 2.1 to 2.4, which are rephrased here, will be used frequently. Theorem 2.3 follows from Theorem 1.4.5 of (see [3] ) and Theorem 2.1. 
(ii) f is inversely KC and Y is T 1 at f (X).
(iii) f is KC and has closed point inverses.
Characterizations of KC and inversely KC functions
From the definition of KC and inversely KC functions, we immediately have the following theorem. Proof. First we prove (a) implies (b). Let S be a subset of Y , and U a subset of X, with compact complement, containing f −1 (S). Then
Theorem 3.4. For a function f : X → Y, the following are equivalent: (c) For any point x ∈ X and any set V containing f (x), whose complement is compact, there exists an open set U containing x such that f (U ) ⊂ V .
Proof. First we prove (a) implies (b). Let K be a subset of Y such that
Theorem 3.6. Let f : X → Y is a function:
(ii) If X is a k-space and f /H : H → Y is inversely KC for each compact subset H of X, then f is inversely KC.
Proof. We prove only (ii). Suppose f /H : H → Y is inversely KC for each compact subset H of X. Then for any compact subset K of Y , H ∩ f −1 (K) = (f /H) −1 (K) is closed in H, for every compact subset H of X. This implies that f −1 (K) is closed in X as X is a k-space. Thus f is inversely KC.
Relationship between KC and inversely KC functions
For arbitrary spaces, an inversely KC function need not be KC (even if the range space is T 1 ) and a KC function with closed point inverses need not be inversely KC, as the following example shows.
Example 4.1. Let X be an uncountable set with the countable complement topology and fix any point p ∈ X. Let f : X * → X be a function such that f (x) = x for x ∈ X and f (∞) = p. Then f is inversely KC but not KC, although the range space is T 1 . Also the inclusion function i : X → X * is KC with closed point inverses but not inversely KC. Theorem 4.2. Suppose f : X → Y is inversely KC and Y is T 1 at f (X). If Y is a Frechet space, then image of every limit point compact set is closed.
Proof. Let H be a limit point compact subset of X and let y ∈ cl Y (f (H)) such that y / ∈ f (H). There exists a sequence {x n } of points in H such that f (x n ) → y. Since H is limit point compact set, the sequence {x n } has a cluster point x, say, in H.
is an open set containing y. Therefore there exists an integer n o such that Proof. Let H be a compact subset of X and K be any compact subset of Y . Since Y is a k-space, it is enough to prove that
where K is compact and is either regular and T 1 at f 1 (H 1 ) or T 2 . By Theorem 2.3, f 1 has CG and so f 1 is KC, by Theorem 2.1. Thus f (H) ∩ K is closed in K implying thereby that f (H) is closed in Y , since Y is a k-space. Hence f is KC, in this case also. Corollary 4.6. Suppose f : X → Y is inversely KC. If X is compact and Y is a k-space which is either regular and T 1 at f (X) or T 2 , then f is closed.
Theorem 4.7. Suppose f : X → Y is KC and has closed point inverses. If X is Frechet, then inverse image of every limit point compact set is closed.
Proof. Let K be any limit point compact subset of Y , and let x ∈ cl X (f −1 (K)) such that x / ∈ f −1 (K). Since X is a Frechet space, there exists a sequence {x n } of points in f −1 (K) such that x n → x. Then {f (x n )} is a sequence in K and K is limit point compact implies {f (x n )} has a cluster point, say y in K.
. This gives a contradiction to the given condition. Thus f −1 (K) is closed in X. Proof. Let H be a compact subset of X. If f 1 = f /H : H → Y , then f 1 is KC and has closed point inverses. By Theorem 2.2, f 1 has CG, and so f 1 is Inversely KC by Theorem 2.1. Now the theorem follows by Theorem 3.6(ii).
Theorem 4.11. Suppose f : X → Y is KC and has closed point inverses. If Y is compact and X is a k-space which is either regular or T 2 , then f is continuous. 
(iii) f is KC and has closed point inverses of Theorem 2.4 are equivalent.
Corollary 5.3. Every square Frechet, KC space is T 2 . In particular, every first countable, KC space is T 2 .
Proof. Using the identity map i : X → X in Theorem 5.2 and Theorem 1.1.8 (see [3] ).
Theorem 5.4. Let X and Y be both locally compact, regular. Then for any function f : X → Y , the conditions:
Remark 5.5. Example 5.6 below shows that the condition "Frechet" on X × Y in Theorem 5.2 cannot be replaced by "first countable" on one of the spaces and "Frechet" on the other. Moreover, part (a) of this example also shows that the generalized version of Theorem 5.4 i.e, Theorem 5.8 does not hold without "locally compact, regular" on at least one of the spaces. Part (b) of example 5.6 also shows that a KC and inversely KC function need not have closed graph, even if the range space is T 2 .
Example 5.6. (a) The inclusion map i : Q → Q * satisfies both (ii) and (iii) but not (i), since Q * is KC but not T 2 . Here none of the space is locally compact and regular, the domain space is first countable and the range is Frechet and T 1 .
(b) Also for any fixed p ∈ Q, the function f : Q * → Q which is identity on Q with f (∞) = p, satisfies (ii) and (iii) but not (i). Here the domain space is Frechet and the range space is first countable and T 2 . Using example 5.6, we get the following:
Corollary 5.7. Q × Q * is not Frechet, and so the product of a first countable space and a Frechet space need not be Frechet (since Q * is Frechet).
The following Theorem 5.8 which is a generalization of Theorem 5. (a) X be locally compact, regular, and Y be a k-space, which is either regular or T 2 or Frechet, (b) Y be locally compact, regular and X be a k-space, which is either regular or T 2 or Frechet.
Then the conditions (i), (ii), and (iii) of Theorem 2.4 are equivalent.
Remark 5.9. Theorem 5.2 requires in particular, X and Y both to be Frechet, while Theorem 5.4 requires X and Y both to be locally compact, regular. Our Theorem 5.8 requires in particular, one of the spaces to be Frechet, and the other locally compact, regular. Thus our Theorem 5.8 serves as a bridge between Theorem 5.2 and Theorem 5.4.
